Abstract-This technical note studies synchronization of identical general linear systems on a digraph containing a spanning tree. A leader node or command generator is considered, which generates the desired tracking trajectory. A framework for cooperative tracking control is proposed, including full state feedback control, observer design and dynamic output feedback control. The classical system theory notion of duality is extended to networked systems. It is shown that unbounded synchronization regions that achieve synchronization on arbitrary digraphs containing a spanning tree can be guaranteed by using linear quadratic regulator based optimal control and observer design methods at each node.
on measured output information. They designed the "observer" gain using Finsler's lemma and linear matrix inequality (LMI) technique, and showed the consensus region is unbounded. In [18] , linear quadratic regulator (LQR) based optimal control approach was used for leaderless consensus and only full state feedback was considered.
Motivated by the above facts, in this note we study cooperative tracking or synchronization problem of general linear systems using measured output information. An active leader node or control node generates the desired tracking trajectories. An optimal design framework for both cooperative state variable feedback (SVFB) control and output feedback (OPFB) control is proposed. Specifically, three types of output feedback synchronization algorithms are proposed. We show that unbounded synchronization regions can be guaranteed by using LQR based optimal control and observer design methods at each node. This guarantees synchronization on arbitrary digraphs containing a spanning tree. It is seen that LQR based optimal design provides a straightforward way to construct controllers and observers that guarantee synchronization. It is also worth mentioning that by using the optimal design approach, the control gain and observer gain design are decoupled from the communication graph structure. We also show the duality of cooperative controller design and cooperative observer design, and this extends the classical system theory notion of duality to systems on graphs.
This note is organized as follows. Some preliminaries are presented in Section II. LQR based optimal cooperative SVFB design is proposed in Section III and synchronization region is analyzed. Section IV shows that the cooperative observer design is dual to the cooperative SVFB control design. Then we propose three types of OPFB tracking protocols in Section V. A conclusion is drawn in Section VI.
II. PRELIMINARIES
Notations: I n 2 n2n is the identity matrix. 1 n 2 n is the vector with all entries be one. Kronecker product is denoted by . A = [aij] is a matrix with a ij be the entry of ith row and jth column. A = diagfa i g is a diagonal matrix with diagonal entries a i . Matrix P > 0(P < 0) means P is positive (negative) definite. For 2 , Re() is the real part of . The conjugate transpose of matrix A is denoted as A 3 .
A. Graph Theory
Consider a weighted digraph (directed graph) G = (V; E; A) with a nonempty finite set of N nodes V = fv 1 ; v 2 ; . ..;v N g, a set of edges or arcs E V 2 V, and the associated adjacency matrix A = [a ij ] 2 N2N . In this note, the digraph is assumed to be time-invariant, i.e., A is constant. An edge rooted at node j and ended at node i is denoted by (v j ; v i ), which means information can flows from node j to node i. a ij is the weight of edge (vj;vi) and aij > 0 if (vj; vi) 2 E, otherwise a ij = 0. We assume there are no repeated edges and no self loops, i.e., a ii = 0, 8 The following assumption of the graph topology holds throughout this note.
Assumption 1:
The digraph G contains a spanning tree and the root node i r can observe information from the leader node, i.e., g i > 0.
III. STATE VARIABLE FEEDBACK CONTROL: AN OPTIMAL DESIGN APPROACH
In this section, we assume the full state information is available, and design the cooperative sate variable feedback (SVFB) control using the linear quadratic regulator (LQR) optimal design approach. In Section IV, we consider estimating the states from measured output information using an observer. We consider a SVFB control protocol for each node i(i 2 N) to be
A. LQR-Based Cooperative SVFB Control
with scalar coupling gain c > 0 and feedback control gain matrix K 2 m2n . These controllers are thoroughly distributed in the sense that they are implemented at each node using only the neighborhood synchronization error information " i .
Then the overall closed-loop system dynamics is
where
The global synchronization error dynamics is given as
A c reflects the local control matrix A 0 BK as modified on the graph structure L + G.
The next result (cf. [3, Th. 3] ) provides a necessary and sufficient condition for asymptotic stability of the closed-loop dynamics using SVFB control law (2). Proof: Under Assumption 1, all the eigenvalues of matrix L + G have positive real parts [13] , [14] . Then the conclusion follows from similar development as in [3] .
Lemma 1 implies that an arbitrary SVFB control gain K that stabilizes A 0 BK may fail to achieve synchronization for a prescribed graph structure. The next result shows how to select SVFB control gain K to guarantee stability on arbitrary digraphs containing a spanning tree by using LQR based optimal design [22] and proper choice of the coupling gain c. 
Then under Assumption 1, the synchronization error dynamics (3) is asymptotically stable if the coupling gain The importance of this result is that it decouples the SVFB gain design from the details of the communication graph structure. The SVFB gain is designed using the control ARE (5), and then the graph topology comes into the choice of the coupling gains c through condition (6). This theorem highlights the importance of optimal SVFB control design in guaranteeing synchronization on arbitrary graphs containing a spanning tree.
B. Region of Synchronization
One way to evaluate the performance of synchronization control protocols is to show how synchronizability depends on structural parameters of the communication graph by using the concept of "region of synchronization or consensus" [13] , [24] . 0g, which is unbounded as shadowed in Fig. 2 . Lemma 4 in [13] is used in computing the synchronization region. Note that the region indicated in Fig. 2 is the actual synchronization region determined from solving the inequality given. The region given by Corollary 1 is the region fx+ jyjx 2 [1=2; 1); y 2 (01; 1)g, which is a conservative estimate of S 2 .
IV. COOPERATIVE OBSERVER DESIGN: A DUAL PROBLEM
As is well known in classical control theory, controller design and observer design are dual problems [23] . In this section, we extend this important result to networked cooperative linear systems. We show the cooperative SVFB controller design and the cooperative observer design are also dual problems.
Consider system (1). Denotex i 2 n as the estimate of the state x i , yi = Cxi as the consequent estimate of the output yi, andỹi = yi 0ŷi as the output estimation error for node i.
Definition 5: In the design of cooperative observer, the neighborhood state estimation error is defined as i = j2N aij (xj 0xi) + gi(x0 0xi):
The neighborhood output estimation error is defined as where c > 0 is the coupling gain, F 2 n2p is the observer gain. These observers are thoroughly distributed in the sense that each observer only requires its own output estimation error information and that of its neighbors. Note that this observer is similar to that in [13] . However, the "observer" [13, eq. (31) ] is not an actual observer, in a sense that the "state estimates" v i do not converge to the real states x i . vi only act as intermediate variables for the controller design.
Since the leader node 0 acts as a command generator, it is reasonable to assume that the leader node knows its states, i.e.,x 0 = x 0 and y0 = 0. Then the global observer dynamics is The next result is dual to Lemma 1 and provides a necessary and sufficient condition for asymptotic stability of the observer dynamics.
Lemma 2: Let i(i 2 N) be the eigenvalues of (L + G). Then the observer error dynamics (7) is asymptotically stable if and only if all the matrices A 0 ciF C; 8 i 2 N are Hurwitz, i.e., asymptotically stable.
Dual to Theorem 1, LQR based observer gain F and the coupling gain c are designed in the following theorem.
Theorem 2:
Let design matrices Q = Q T 2 n2n and R = R T 2 p2p be positive definite. Design the observer gain F as
where P is the unique positive definite solution of the observer ARE 0 = AP + P A T + Q 0 P C T R 01 CP:
Then the estimation error dynamics (7) are asymptotically stable if the coupling gain satisfies 
where R = mini2N Re(i).
It can be seen from (6) and (8) 
For the networked dual system with (A T ; C T ; B T ) and reverse graph G 0 , under the observer gain K T , observer estimation error dynamics is
Since G = diagfgig, it is obvious that A G o = (Ac) T . Thus proves the duality. Duality of SVFB control and OPFB control is shown in [18] for leaderless consensus on the same graph. This is different from the duality presented in Theorem 3, i.e., duality of SVFB control design and observer design for cooperative tracking problems on reverse graphs. Theorem 3 extends the classical concept of duality in control theory [23] to networked systems on graphs.
V. COOPERATIVE OUTPUT FEEDBACK TRACKING PROTOCOLS
In many practical applications, full state information is not always available for controller design. In this section, we propose three cooperative output feedback tracking protocols. The LQR based control gain (4) or LQR based observer gain (9) or both are used in the output feedback tracking protocols, which yield unbounded synchronization regions. This justifies the importance of optimal design approach in cooperative control of networked systems.
A. Neighborhood Controller and Neighborhood Observer
In this protocol, both controllers and observers are designed using the neighborhood information, i.e. This completes the proof. Under this type of tracking control, synchronization region can also be shown unbounded, using the same development as in Section III.
B. Neighborhood Controller and Local Observer
This type of tracking protocol uses the neighborhood state estimation information i for the controller design and the local output estimation error informationỹ i for the observer design. 
It is clear from dynamics (13) , that synchronization to the leader node can be achieved if both A c and I N (A + cFC) are Hurwitz. The former is guaranteed by picking K and c as in Theorem 1, and the latter can also be guaranteed by picking an appropriate F , since (A; C)
is detectable. Unbounded synchronization region can also be shown.
C. Local Controller and Neighborhood Observer
This type of tracking protocol (cf. T . Then asymptotic stability of implies that limt!1(xi(t) 0 x0(t)) = 0 and lim t!1 (x i (t) 0x 0i (t)) = 0, 8 i 2 N. Letx 0i (t 0 ) =x 0j (t 0 ), thenx0i(t) =x0j (t), 8 i, j 2 N and 8 t t0. Straightforward computation yields the dynamics of as Remark 2: The "observer" (15) was proposed in [13] and it is not a real observer, in the sense thatxi xi andx0i x0.xi andx0i only take roles of intermediate variables in the controller design. We have presented the local protocol (14) to obtain the convergence result.
VI. CONCLUSION
This note solved a cooperative tracking problem of networked systems with identical general linear systems, which include integrator dynamics of any order as a special case. We showed a framework of designing distributed synchronization protocols first by using full state information and then using measured output information. LQR based optimal design approach was applied in the design of control gain and observer gain. This yields an unbounded synchronization region, which implies that the same optimal controller can also synchronize a networked system on arbitrary graphs containing a spanning tree, by only adjusting the coupling gain c. Duality of the cooperative controller design and cooperative observer design on reverse graphs was presented.
